Introduction {#Sec1}
============

HIV dynamics considering antiretroviral treatment (ART) has already been studied in several articles \[[@CR11], [@CR16], [@CR18], [@CR20]\]. The major target of HIV are CD4$\documentclass[12pt]{minimal}
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                \begin{document}$$+$$\end{document}$ T cells, a class of immune cells. Antiviral drugs act blocking biological processes involved in life cycle virus into cell cytoplasm. Most common therapies combine protease inhibitors and reverse transcriptase inhibitors. The first ones block HIV protease, so that noninfectious viral particles start being produced by infected T-cells, and the last ones prevent the successfully infection of T-cells. Data obtained in previous studies \[[@CR17], [@CR18]\] show that under combination of protease inhibitors and RT inhibitors, a viral decline in the bloodstream is followed by the increase of CD4$\documentclass[12pt]{minimal}
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Fuzzy set theory applied to HIV dynamics under treatment was already studied using fuzzy rule-based systems \[[@CR12]--[@CR14]\] and Choquet Calculus \[[@CR15]\], both considering an intracellular delay assigned maily to the pharmacological delay, defined as the interval of time required for the absorption of the antiviral drugs in the bloodstream. Viral dynamics represented as an interactive process is a new approach in the literature and provides results subject to new interpretations for already known HIV models.

The existence of memory in biological processes was already considered in previous studies \[[@CR1], [@CR2]\]. Current studies consider the existence of memory in biological processes, in particular, in the dynamics of HIV, when representing them by fuzzy fractional derivatives with interactivity \[[@CR25]\]. Autocorrelated processes take into account the dependence between their states in consecutive instants. This type of approach allows us to describe processes that are hidden or inherent to the phenomenon when considering a memory coefficient $\documentclass[12pt]{minimal}
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                \begin{document}$$f_{t,h}$$\end{document}$. This coefficient changes with the process and is determined by the current moment. Thus, there may exist memories with different properties for different periods of time. Therefore, it is necessary a derivative operator that incorporates the memory of the system, being responsible for its variation.

There are various different theories of fuzzy differential equations for fuzzy-set-valued functions \[[@CR4], [@CR5], [@CR21], [@CR24]\], that is, functions $\documentclass[12pt]{minimal}
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                \begin{document}$$f: [a,b] \rightarrow {\mathbb {R}}_{\mathcal {F}}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}_{\mathcal {F}}$$\end{document}$ is the space of fuzzy numbers, that is, fuzzy subsets of $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$-levels are closed intervals in real line \[[@CR3]\]. In this work we will represent an HIV intracellular model throught two interactive derivatives defined in an autocorrelated process. In particular, we assume that it is a linearly correlated process \[[@CR8], [@CR23]\].

Firstly we describe the dynamics via the linearly correlated derivative, based on the difference between fuzzy sets, that is, the difference obtained from possibility distributions of fuzzy sets envolved \[[@CR26]\]. This derivative provides two possible behaviors for the solution, expansive or contractive. In the first case, the fuzziness of the solution increase with time while in the second one, it decreases. In this work, the fuzziness is measured accordingly to the diameter of the fuzzy number. The larger the diameter of the fuzzy number, the greater its fuzziness.

On the other hand, fuzzy differential equation via Fréchet derivative is based on the isomorphim $\documentclass[12pt]{minimal}
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                \begin{document}$$\varPsi _A: \mathbb {R}^2 \rightarrow {\mathbb {R}}_{\mathcal {F}(A)}$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}_{\mathcal {F}(A)}$$\end{document}$ is the set of all fuzzy numbers linearly correlated to $\documentclass[12pt]{minimal}
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                \begin{document}$$A \in {\mathbb {R}}_{\mathcal {F}}$$\end{document}$ \[[@CR10]\]. This allows us to define the induced sum and scalar multiplication in $\documentclass[12pt]{minimal}
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                \begin{document}$$B{+}_{A}C = \varPsi _A({\varPsi _A}^{-1}(B) + {\varPsi _A}^{-1}(C))$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta {\cdot }_{A}B = \varPsi _{A}(\eta {\varPsi _{A}}^{-1}(B)), \forall B, C \in {\mathbb {R}}_{\mathcal {F}(A)} \, \hbox {and} \, \eta \in \mathbb {R}$$\end{document}$. With this operations it is possible to confer a Banach space structure to the space $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb {R}}_{\mathcal {F}(A)}$$\end{document}$ and, therefore, develop a calculus theory for the family of fuzzy functions linearly correlated to $\documentclass[12pt]{minimal}
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                \begin{document}$$A \in {\mathbb {R}}_{\mathcal {F}}$$\end{document}$, as it was done in \[[@CR22]\].

This work is structured as follows. Section [2](#Sec2){ref-type="sec"} provides the mathematical concepts necessary to understand the development of this work. Section [3](#Sec3){ref-type="sec"} presents HIV dynamics in two different approaches: via L-derivative and Fréchet derivative. Section [4](#Sec6){ref-type="sec"} presents final comments.

Mathematical Background {#Sec2}
=======================
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                \begin{document}$${\mu }_A(x)$$\end{document}$ is the degree of membership of *x* in *A*. The $\documentclass[12pt]{minimal}
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                \begin{document}$${[A]}_{0} = \overline{\{x \in \mathbb {R}: A(x)>0\}}$$\end{document}$.
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                \begin{document}$$\mathbb {R}$$\end{document}$ and the support of *A* is bounded \[[@CR3]\]. The set of all fuzzy numbers is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu _A(x) = \left\{ \begin{array}{cl} 0, &{} x \le a \, \hbox {or} \, x \ge b \\ \frac{x-a}{b-a} \wedge \frac{c-x}{c-b} &{} \hbox {otherwise}, \end{array}\right. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\wedge $$\end{document}$ is the minimum operator. In this case, we denote *A* by the symbol (*a*; *b*; *c*).

Next, we recall some concepts necessary to understand the theory of interactive derivative in the space of fuzzy numbers.
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Definition 1 {#FPar1}
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The next theorem provides a practical formula to calculate the L-derivative of an autocorrelated process.
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Next, we present important results related to the theory of calculus developed in the space of fuzzy numbers linearly correlated to a given fuzzy number *A*.
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The next theorem establishes sufficient and necessary conditions to an *A*-linearly correlated fuzzy process to be continuous.
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Fuzzy interactive derivatives studied in this paper can be related algebraically throught Theorem [5](#FPar13){ref-type="sec"}.
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---------
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HIV Dynamics Under Antiretroviral Treatment (ART) {#Sec3}
=================================================

Data obtained in various studies \[[@CR17]\] appear to show that the decay of plasma viraemia in bloodstream is approximately exponential after the patient was placed on a potent antiretroviral drug. One of the simplest models of viral dynamics consider the effect of antiretroviral in viral population as in Eq. ([19](#Equ19){ref-type=""}) $$\documentclass[12pt]{minimal}
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Next, we will establish two different fuzzy approaches to HIV dynamics described in ([19](#Equ19){ref-type=""}), both considering interactivity into the process *V*.

Fuzzy Interactive Differential Equation via L-Derivative {#Sec4}
--------------------------------------------------------
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We will consider that viral dynamics described in ([19](#Equ19){ref-type=""}) is an autocorrelated fuzzy process. According to Definition [6](#FPar6){ref-type="sec"}, this means that for each *h* with absolute value sufficiently small, $\documentclass[12pt]{minimal}
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Fuzzy Interactive Differential Equation via Fréchet Derivative {#Sec5}
--------------------------------------------------------------
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However, only solutions ([23](#Equ23){ref-type=""}) and ([31](#Equ31){ref-type=""}) may coincide. As we observed previously, if $\documentclass[12pt]{minimal}
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In this work we presented an HIV dynamics for individuals under ART as an application of two different approaches from fuzzy set theory: differential equation via interactive derivative and differential equation via Fréchet derivative. Biological processes may be considered as processes with memory, or from the point of view of fuzzy interactivity, autocorrelated processes. Viral dynamics was considered as an autocorrelated process in this manuscript.

Differential equation via interactive derivative provided two different types of solutions: the contractive and the expansive one. The underlying memory coefficient determines if the fuzziness of the solution decreases with time, as in the first case, or increases, as in the second case. Viral dynamics predicted a drop on viral load in bloodstream as was also observed in the two cases. For interactive derivative, viral production rate *P* was a real constant and it was not related to the stability of the solution.

Diferential equation via Fréchet derivative provided three different types of solution: the contractive, the expansive and also a third kind, that one with constant fuzziness with time. Modelling HIV via Fréchet derivative allowed us to evaluate the viral production rate *P* as a fuzzy number linearly correlated to $\documentclass[12pt]{minimal}
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Furthermore, for HIV dynamics presented in this work, when *P* is a real constant, the FIVP determined by differential equation with Fréchet derivative is equivalent to the FIVP determined by differential equation with interactive derivative. In this case, only the solutions ([23](#Equ23){ref-type=""}) and ([31](#Equ31){ref-type=""}) coincide and $\documentclass[12pt]{minimal}
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                \begin{document}$$t \rightarrow \infty $$\end{document}$. We can conclude that, for HIV dynamics, the interactive process determined by Fréchet derivative has an underlying memory coefficient in (0, 1), that is, only provides solution whose fuzziness vanishes with time.
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